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Abstract
We find the conserved current associated to invariance under generalised diffeomorphisms in
double field theory. This can be used to define a generalised Komar integral. We comment on its
applications to solutions, in particular to the fundamental string/pp-wave. We also discuss the
current in the context of Scherk-Schwarz compactifications. We calculate the current for both
the original double field theory action, corresponding to the NSNS sector alone, and for the RR
sector.
1 Introduction
1.1 General introduction
A central focus of physics is the study of symmetry and its consequences. The symmetries of the
low energy limit of string theory - supergravity - include diffeomorphisms, gauge transformations,
supersymmetry and, due to their stringy origin, duality symmetries.
An important example of the latter is T-duality. At the worldsheet level, it arises from the
ability to exchange the momentum and winding of a wrapped string. In the NSNS sector of
supergravity, this relates different backgrounds involving the metric, B-field and dilaton.
This paper forms part of a line of research into reformulations of string theory and super-
gravity which treat T-duality as a manifest symmetry. This can be achieved either by using
generalised geometry [1–4], in which T-duality is realised as a symmetry of an extended tangent
bundle, or by introducing extra coordinates, thought of as dual to winding, so that one studies a
novel doubled geometry. This builds on the pioneering work of [5–9]. More recent efforts have led
to the introduction of “double field theory” which in its original formulation defines a T-duality
covariant description of the NSNS sector on a doubled space [10–13]. The theory has since been
subjected to a long series of elaborations and investigations, for example [14–46], for reviews
see [47–49].
In double field theory, the bosonic local symmetries are unified into generalised diffeomor-
phisms acting on the doubled space. These give infinitesimal O(D,D) transformations, whose
finite exponentiations in backgrounds with isometry give the usual notion of T-duality. The aim
of this paper is to seek the conserved quantities associated to generalised diffeomorphisms. This is
the double field theory version of constructing the Noether charge associated to diffeomorphisms
in general relativity. The latter, as we will briefly review in the next subsection, allows one to
define a conserved charge leading to the Komar integral. Our construction will hence produce
a generalised Komar integral, suitable for analysing the properties of solutions to double field
theory.
Note added: While we were finishing this paper, we became aware of the work by J.-H. Park,
S.-J. Rey, W. Rim and Y. Sakatani, [50], which also studies conserved charges in double field
theory.
1.2 Recalling Noether’s theorem
The calculation that we will perform in this paper to obtain a conserved charge is essentially a
simple application of Noether’s theorem, except to the perhaps slightly less familiar case that the
symmetry transformation involved is local. We will therefore now give a brief (and somewhat
schematic) review of the ideas we will be using, in order that it is clear what is happening in the
remainder of the paper. For further discussion, see for instance the textbook [51], from which
we have adapted this short review.
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Consider for simplicity a Lagrangian density L(φA, ∂iφA) for some set of fields φA (of course
in the cases we are interested in there will be terms involving two derivatives of the fields, but
these can be incorporated as a total derivative term). Suppose there is a global symmetry
transformation δ such that δL = ∂if
i for some f i. The action is then invariant, up to a surface
term. Now, one has
δS =
∫ ((
∂L
∂φA
− ∂i ∂L
∂(∂iφA)
)
δφA + ∂i
(
∂L
∂(∂iφA)
δφA
))
=
∫
∂if
i .
(1.1)
One concludes that on-shell, when δSδφ ≡ ∂L∂φA − ∂i ∂L∂(∂iφA) = 0, the current
J i1 =
∂L
∂(∂iφA)
δφA − f i (1.2)
is conserved.
Now suppose instead we have a local symmetry transformation, so that δφA contains deriva-
tives of the symmetry parameters ξI . Integrating these by parts we obtain from the above an
identity of the schematic form
0 =
∫ (
ξIDI
δS
δφ
+ ∂iJ
i
2
)
, (1.3)
where DI represent some specific derivative operators acting on the equations of motion. The
current J i2 depends on the fields and the symmetry parameters. If one chooses the latter such
that J i2 vanishes on the boundary, then the terms proportional to ξ
I give off-shell identities which
are the usual gauge or Bianchi identities. As these hold identically off-shell, one then also obtains
that the current J i2 is conserved off-shell, ∂iJ
i
2 = 0. (As a result, one can always write J
i
2 = ∂jJ
ij
with J ij antisymmetric.)
Note that one obtains in this way conserved currents which depend on the symmetry param-
eters ξI . Thus, there seem to be an infinite number of such currents. However, when one seeks to
construct conserved charges using these currents one has to consider integrals. These integrals
will not converge for arbitrary ξI , but only for certain parameters, which may then often be
associated with particular symmetry transformations of vacuum configurations.
If one carries out this procedure for pure general relativity (in D dimensions), one obtains a
current
J i =
√
|g|∇jJ ij , J ij = 2∇[jξi] . (1.4)
From this we have a charge, integrating over some spatial hypersurface Σ,
Q =
∫
Σ
dΣiJ
i =
∫
∂Σ
dΣij2∇jξi , (1.5)
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which gives the Komar integral. Choosing ξi to be timelike, for instance, corresponding to a
Killing vector ξ = ∂t in some coordinates, then this measures the Komar mass of a background.
One aspect of the application of this method to double field theory which is worth mentioning
is the existence of the section condition constraint. Consistency of the theory leads one to impose
the constraints ηMN∂M∂NO = 0 and ηMN∂MO1∂NO2 = 0 on all fields and gauge parameters1.
These constraints are termed the section condition, and the effect is to reduce the coordinate
dependence to a physical D-dimensional subset of the 2D doubled coordinates.
A consequence of this is that the action of double field theory is invariant under generalised
diffeomorphisms only up to terms which vanish upon imposing the section condition. Despite this,
one is still able to extract and define a conserved current. This current, however, is only itself con-
served up to terms which vanish by the section condition, that is ∂MJ
M = ηMN∂M (. . . )∂N (. . . )
= 0. This is consistent with the imposition of the section condition by hand. One might wonder
whether there exists a formulation of the theory in which it arises naturally perhaps as a conse-
quence of equations of motion, but in the present state we must take the section condition to be
an additional constraint which we will require even on off-shell configurations. This ensures the
off-shell Noether current is still a conserved current.
1.3 Outline of this paper
Our starting point in section 2 will be the original action for double field theory. This is written
in terms of a Lagrangian density which transforms as a scalar of weight one under generalised
diffeomorphism (up to terms which vanish by the section condition). We then compute the
variation of the action under generalised diffemorphisms. Integrating by parts to remove all
derivatives from ξM , one finds the Bianchi identities of double field theory - as previously obtained
by this method in a number of papers [9, 14, 27, 52] - and an identically conserved current. We
write down this current in section 3.
In section 4, we test the practical uses of our current to define conserved charges by analysing
the fundamental string/pp-wave T-duality chain, which was the subject of the paper [43] analysing
this solution within double field theory.
In section 5, we consider the effect of modifying the action of double field theory with the
addition of extra terms. We write down the extensions to the current that arise when adding
total derivatives, the so-called Scherk-Schwarz term, and also when the Ramond-Ramond sector
is included.
We conclude in section 6 with some discussion about future work. We also include an appendix
collecting many useful facts about the geometric formalisms used.
1Note though that an alternative is provided by using the Scherk-Schwarz method, which we discuss in section
5.2.
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2 The action of double field theory and its variation
2.1 A short summary of double field theory
Double field theory is defined on a 2D-dimensional space equipped with a background constant
O(D,D) structure,
ηMN =
(
0 I
I 0
)
, (2.1)
with inverse ηMN . The dynamical metric is known as the generalised metric, denoted HMN ,
which parametrises the cosetO(D,D)/O(D)×O(D).2 Hence it obeys the conditionHMPHNQηPQ =
ηMN . If we introduce the conventional shorthand S
N
M ≡ HMP ηPN ≡ ηMPHPN this condition is
equivalent to SPMS
N
P = δ
N
M . This in turn allows one to introduce projectors
PNM =
1
2
(δNM − SNM ) , P¯NM =
1
2
(δNM + S
N
M ) , (2.2)
which play an important role. In this paper, we follow the usual convention of raising and
lowering indices on these projectors using the flat O(D,D) structure, rather than the generalised
metric.
One may also decompose the metric in terms of a generalised vielbein, EαM , such that
HMN = HαβEαMEβN , where Hαβ is the flat generalised metric which we may be take to be
given by Hαβ = diag(hµν , hµν) where hµν is a flat metric (Euclidean or Lorentzian depending
on whether our D directions include time). This flat generalised metric is preserved by local
transformations in O(D)×O(D) which also act on the flat index of the vielbein.
The local symmetries of the doubled space are generalised diffeomorphisms, acting on a
generalised vector VM of weight w as
δξV
M = ξN∂NV
M − V N∂NξM + ηMNηPQ∂NξPV Q + w∂NξNVM . (2.3)
The generalised metric is a tensor of rank two under such transformations. We also introduce
a generalised dilaton, d, such that e−2d is a scalar of weight one. This will be used as an
integration measure. The definition (2.3) provides a generalised Lie derivative which can be
extended to arbitrary tensors in the usual way, and is such that the O(D,D) structure ηMN is
invariant: δξηMN = 0.
The algebra of generalised diffeomorphisms does not close unless one imposes specific con-
straints. The simplest choice is to require the section condition
ηMN∂Mf∂Ng = 0 , η
MN∂M∂Nf = 0 , (2.4)
where f, g may be any fields or gauge parameters of the theory. Alternatively, one may require
2More properly, O(D,D)/O(D − 1, 1) × O(D − 1, 1) if our D directions include the time direction, as will be
the case for us in section 4.
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that all tensors in the theory can be written in the form of a Scherk-Schwarz ansatz [30], as we
describe in section 5.
The original action of double field theory may be written as [10–13]
SDFT =
∫
dxdx˜e−2dR , (2.5)
where we have
R = 1
8
HMN∂MHPQ∂NHPQ − 1
2
HMN∂MHPQ∂PHQN
+ 4∂MHMN∂Nd− 4HMN∂Md∂Nd
− ∂M∂NHMN + 4HMN∂M∂Nd ,
(2.6)
which is a scalar under generalised diffeomorphisms, up to terms which vanish by the section
condition. (We will frequently shorten
∫
dxdx˜ to a mere
∫
to save space in subsequent expres-
sions.)
2.2 Connections for double field theory
In this paper, we will make use of two different covariant derivatives.
The first is the semi-covariant/semi-determined connection adopted in [25–27]. We denote
the connection coefficients by ΓMN
P and the covariant derivative operator by ∇M . This co-
variant derivative annihilates the generalised metric, the generalised dilaton and the O(D,D)
structure. In addition, in analogy to the Levi-Civita connection in general relativity, it has
vanishing generalised torsion. The latter condition means that generalised diffeomorphisms may
be interchangeably written in terms of ∇M or ∂M . The explicit expression for the generalised
torsion is
τMN
P (Γ) = ΓMN
P − ΓNMP + ηPQηNRΓQMR . (2.7)
If one lowers the upper index with ηMN then this is totally antisymmetric, owing to the condition
ΓMN
P ηPQ = −ΓMQP ηPN , which must be true for any connection which is compatible with the
O(D,D) structure.
In general relativity, the Levi-Civita is uniquely determined by the requirements of metric
compatibility and vanishing torsion. The connection ΓMN
P in double field theory is, however,
not uniquely fixed by the above conditions. In [27], the connection is explicitly determined in
terms of HMN and d up to certain undetermined components. In [25, 26], one effectively drops
these undetermined components, giving a derivative which is only “semi-covariant”. One may
still obtain covariant expressions by acting with certain combinations of the projectors (2.2).
The effect of these projections would be to also remove the undetermined components present
in the connection as used in [27].
Regardless of these issues, one can still define generalised versions of the Riemann tensor
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and thence by various contractions the Ricci tensor and scalar: the latter is found (with all
undetermined or non-covariant components dropping out) to give exactly the scalar (2.6). We
give many explicit details of these constructions in the appendix.
The second connection we will use appears rather simpler. This is the Weitzenbo¨ck connec-
tion [29]. We denote this by ΩMN
P , and can immediately give the explicit expression for the
connection coefficients as ΩMN
P = Eα
P∂ME
α
N , where E
α
M is the generalised vielbein. We
denote the corresponding covariant derivative by DM . This connection has vanishing generalised
Riemann tensor, but non-vanishing generalised torsion.
The generalised Ricci scalar can then be recovered by seeking a scalar quadratic in this
torsion and the covariant derivative of the dilaton (which is not zero for this connection) which is
invariant under the local O(D)×O(D) transformations acting on the vielbein. This requirement
gives a unique action which agrees with R up to a term which vanishes by the section condition
- this term is however necessary to include when performing a Scherk-Schwarz reduction of the
action.
Both of these connections have uses within double field theory. In this paper, we will see
that the first connection appears very naturally in the conserved current associated to gener-
alised diffeomorphisms, in a manner exactly analogous to the Levi-Civita connection in the same
situation in general relativity. The Weitzenbo¨ck connection, on the other hand, is known to be
useful in studying Scherk-Schwarz compactifications [29,34]. We wish to also stress in this paper
that its generalised torsion - the primary geometric object associated to it - also defines a notion
of charge, closely associated to the idea of geometric and non-geometric flux. One may wish to
think of the connection ΓMN
P as being of use when focusing on aspects of double field theory
which appear “gravitational” in nature, while the connection ΩMN
P is more closely related to
situations which resemble that of two-form gauge field. Indeed, the totally antisymmetric gen-
eralised torsion τMNP is the direct generalisation within double field theory of the field strength
H3 = dB2.
2.3 Variation of the action
Although it would be convenient to work within a particular geometric framework, it remains
straightforward at this point to vary the above action directly:
δSDFT =
∫
e−2d
(−2δdR+ δHMNKMN)
+
∫
∂P
(
e−2dδHMN
(
1
4
HPQ∂QHMN − 1
2
HPQ∂MHQN − 1
2
HKQηQM∂KHPLηLN
)
+ 4e−2dHPN∂Nδd− e−2d(∂N − 2∂Nd)δHPN
)
,
(2.8)
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where
KMN =
1
8
∂MHKL∂NHKL − 1
2
∂(M|HKL∂KH|N)L + 2∂M∂Nd
+ (∂P − 2∂Pd)
(
−1
4
HPQ∂QHMN + 1
2
HPQ∂(MHN)Q +
1
2
HKQηQ(M∂KHPLηN)L
)
,
(2.9)
As the generalised metric is constrained to parametrise the coset O(D,D)/O(D)×O(D) its true
equation of motion is not KMN = 0 but given in terms of the generalised Ricci tensor RMN
which is a projection of KMN :
RMN =
(
PPM P¯
Q
N + P¯
P
MP
Q
N
)
KPQ
=
1
2
(
δPMδ
Q
N − SPMSQN
)
KPQ .
(2.10)
We now specialise to the variation of the action under generalised diffeomorphisms. Acting on
the metric and dilaton, these are given by
δξHMN = ξP∂PHMN −HPN∂P ξM + ηMP ηRS∂P ξRHSN
−HMP ∂P ξN + ηNP ηRS∂P ξRHMS
= ξP∂PHMN −HPQ∂P ξR
(
δMR δ
N
Q − SMR SNQ
)
−HPQ∂P ξR
(
δNR δ
M
Q − SNR SMQ
)
,
(2.11)
and
δξd = ξ
P ∂Pd− 1
2
∂P ξ
P . (2.12)
Using this,
δξSDFT =
∫
e−2dξP
(
− ∂PR+RMN∂PHMN + 4(∂R − 2∂Rd)HRQRPQ
)
+
∫
∂P
(
e−2d
[
− 4ξRHPQRRQ
+ δξHMN
(
1
4
HPQ∂QHMN − 1
2
HPQ∂MHQN − 1
2
HKQηQM∂KHPLηLN
)
+ 4HPN∂Nδξd− (∂N − 2∂Nd)δξHPN
])
+
∫
∂P
(
e−2dRξP ) ,
(2.13)
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and we know however that we must have δξSDFT =
∫
∂P
(
e−2dRξP ), so that we can extract the
identity
0 =
∫
e−2dξP
(
− ∂PR+RMN∂PHMN + 4(∂R − 2∂Rd)HRQRPQ
)
+
∫
∂P
(
e−2d
[
− 4ξRHPQRRQ
+ δξHMN
(
1
4
HPQ∂QHMN − 1
2
HPQ∂MHQN − 1
2
HKQηQM∂KHPLηLN
)
+ 4HPN∂Nδξd− (∂N − 2∂Nd)δξHPN
])
.
(2.14)
The first line of this should give Bianchi identities, while the rest defines a conserved current.
2.4 Bianchi identities
The Bianchi identity appears here in the form
− ∂PR+ ∂PHMNRMN + 4(∂R − 2∂Rd)HRQRPR = 0 . (2.15)
This can be written in covariantly as
−∇PR+ 4HMN (∇M − 2∇Md)RNP + 2HMNτMPQRQN = 0 . (2.16)
We now apply ∇Md = 0, τMNP = 0 and rewrite HMN = P¯MN − PMN to find that this is
− PQP ∇QR+ 4P¯MN∇MRNP − P¯QP ∇QR− 4PMN∇MRNP = 0 (2.17)
which is just the sum of the Bianchi identities of [27], see appendix A.1.3.
3 The current
3.1 The current
The easiest way to evaluate the current is to rewrite in terms of geometric quantities. We can
take the total derivative term in (2.14) and write out the generalised diffeomorphism terms using
the covariant derivative ∇ in place of partial derivatives (as this connection is generalised torsion
free). In addition it is simple to replace the terms involving partial derivatives of the metric with
connections, as the covariant derivative annihilates the generalised metric. Then one can tidy
up using the contracted generalised Ricci identity, (A.27). Thus one finds
JM = ∇N
(
4e−2d∇QξP
(
P
[M
P P¯
N ]Q − P¯ [MP PN ]Q
))
− 2∇N
(
ηMNe−2dSQP∇QξP
)
.
(3.1)
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Although technically this covariant derivative is either semi-determined or semi-covariant, the
presence of the projectors ensures that this form of the current is indeed fully determined and
covariant as it must be.
The current can be written as
JM = ∇NJMN − 2∇N
(
ηMNe−2dSQP∇QξP
)
= ∂NJ
MN +
1
4
ηMN∂NHPKSPL JKL − 2ηMNe−2d∂N (∂Q − 2∂Qd)
(
SQP ξ
P
)
,
(3.2)
where we define the antisymmetric tensor of weight one JMN via
JMNe2d ≡ 4∇QξP
(
P
[M
P P¯
N ]Q − P¯ [MP PN ]Q
)
= 2∂P ξ
[MHN ]P − 2∂QξPS[MP ηN ]Q
+ ξP
(
2ηQ[M∂QS
N ]
P + 2HRPHQ[M∂QHN ]R − SQP S[MR ∂QHN ]R
)
.
(3.3)
Note that we have (
PMR P¯
N
S + P¯
M
R P
N
S
)
JRS = JMN . (3.4)
which can be used to show
∇NJMN = ∂NJMN + 1
4
ηMN∂NHPKSPL JKL . (3.5)
We have also used
∇Q(SQP ξP ) = (∂Q − 2∂Qd)SQP ξP . (3.6)
The form (3.2) makes the conservation law ∂MJ
M = 0 manifest by the antisymmetry of JMN ,
up to the section condition. It is interesting to note that the general form of an identically
conserved current in double field theory is
JM = ∂NJ
MN + ϕM , (3.7)
with JMN antisymmetric and ϕM ∼ φ′ηMN∂Nφ for some (possibly index-carrying) fields φ, φ′
such that ∂Mϕ
M = 0 by the section condition: we will encounter the same general form in the
conserved currents we calculate in section 5.
3.2 Different forms of the current
3.2.1 Generalised Killing vector
Suppose now that ξM is a generalised Killing vector. Then δξHMN = 0 and δξd = 0, which
respectively imply the generalised Killing equations
(
PMK P¯
N
L + P¯
M
K P
N
L
)∇(KξL) = 0 , (3.8)
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(here the index on the covariant derivative has been raised with the generalised metric) and
∇MξM = 0 . (3.9)
If we refer to the original identity (2.14) resulting from the variation, we see immediately that
the current becomes
JM = −4e−2dξPHMNRPN . (3.10)
Something very similar is true in general relativity, where one finds the current associated to a
Killing vector is similarly given by the contraction of the Killing vector and the Ricci tensor. Note
that this means that on-shell, in the absence of sources, the current will vanish. The solution we
study in section 4 is sourced, and so we will obtain a non-trivial current there. In general, one
should also take into account boundary terms [33] which modify the current [50, 53].
One can also check, either by starting from (3.10) and using the generalised Ricci identity
(A.27) or by starting from the expression (3.1) for the current and using the generalised Killing
equations, that this is equivalent to
JM = 4∇N
(
e−2d∇QξP [PMP P¯NQ + P¯MP PNQ ])− 2∇N (e−2dηMNSPQ∇P ξQ)
= −2∇N
(
e−2d
[∇MξN − SMP SNQ∇P ξQ])− 2∇N (e−2dηMNSPQ∇P ξQ) . (3.11)
3.2.2 The Weitzenbo¨ck connection
One can also rewrite the above form of the current in terms of the Weitzenbo¨ck connection,
ΩMN
P , which has non-vanishing generalised torsion, τMN
P . One has
JMNe2d = 2DP ξ
[MHN ]P − 2DP ξQS[MQ ηN ]P
+ ξP
(
ηMKηNL −HMKHNL)HPQτKLQ . (3.12)
and
∇NJMN = DNJMN + 1
2
τKL
MJKL . (3.13)
In addition,
∇Q(SQP ξP ) = DQ(SQP ξP )− 2SQP ξPDQd . (3.14)
Thus, the current is
JM = DNJ
MN +
1
2
τKL
MJKL − 2e−2dηMNDN
(
DQ(S
Q
P ξ
P )− 2SQP ξPDQd
)
, (3.15)
or
JM = ∂NJ
MN +
1
2
ηMNηKLΩNP
KJPL − 2e−2dηMN∂N (∂Q − 2∂Qd)
(
SQP ξ
P
)
. (3.16)
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4 Analysis and applications
4.1 Reduction to spacetime
To understand what our current contains, we can explicitly evaluate the components of the
current in terms of the usual physical fields and coordinate dependence. We take the usual
section ∂˜i = 0 and the usual parametrisation of the generalised metric in terms of a spacetime
metric and B-field,
HMN =
(
gij −BikgklBlj Bikgkj
−gikBkj gij
)
. (4.1)
Then, one can show firstly that
J ij =
√
|g|e−2φ (∇jξi −∇iξj − (λk + ξpBpk)Hijk) , (4.2)
Ji
j =
√
|g|e−2φ (∇j(λi + ξpBpi) +∇i(λj + ξpBpj))+BipJpj , (4.3)
Jij = −(gikgjl +BikBjl)Jkl +BikJjk −BjkJik . (4.4)
Here ∇i is the usual spacetime Levi-Civita connection. Observe that equation (4.4) is a conse-
quence of the projection identity (3.4).
From this, one obtains that
∇NJ iN = ∂jJ ij (4.5)
and
∇NJiN = ∇j J˜ij + 1
2
HimnJ
mn +Bip∂jJ
pj , (4.6)
where J˜i
j = Ji
j −BikJkj .
Hence we get for the “physical” components of the current
J i = ∂j
(√
|g|e−2φ [∇jξi −∇iξj − (λk + ξpBpk)Hijk]) . (4.7)
We could replace the partial derivative with a covariant one here - the connection terms vanish
owing to the antisymmetry of J ij and the fact that it has weight one. Meanwhile for the
components with lower indices, we find
Ji = ∇j
(√
|g|e−2φ [∇j(λi + ξpBpi) +∇i(λj + ξpBpj)])
+
1
2
√
|g|e−2φHijk
(∇kξj −∇jξk − (λl + ξpBpl)Hjkl)
− 2
√
|g|e−2φ∇i
(
(∇j − 2∇jφ)(λj + ξpBpk)
)
+BipJ
p .
(4.8)
Looking at the physical part of the current, equation (4.7), we see that setting both the dilaton
and B-field to zero, we obtain exactly the expected conserved current associated to diffeomor-
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phisms that is obtained in general relativity. The resulting conserved charge that one would
define using this is the Komar integral.
The part of the current (4.7) involving λk is the conserved current associated to gauge trans-
formations of the B-field. The resulting charge is just the electric charge of this field. The
additional piece involving ξpBpk appears to ensure this component of the current is invariant
under gauge transformations (as under a generalised diffeomorphism λk itself transforms).
4.2 Reduction to spacetime with a bivector
We should observe that the current J i we obtained above could have been derived directly from
the action of the NSNS sector of supergravity, without any reference to double field theory,
by varying with respect to both diffeomorphisms and gauge transformations. Given that the
components J˜i do not appear to have an obvious interpretation in spacetime, it may seem more
natural to have done so.
However, having access to a T-duality covariant form of the current allows one to explore
other interesting scenarios. In this subsection, we will consider an alternative parametrisation of
the generalised metric, in which one uses a bivector βij in place of the B-field:
HMN =
(
gij −gikβkj
βikgkj g
ij − βikgklβlj
)
. (4.9)
This parametrisation is useful in non-geometric situations, in which the metric and B-field are
not globally well-defined. The reduction of the double field theory action gives a complicated
action which is closely related to that of “β-supergravity” [42, 54–56], which was introduced as
a means to study non-geometric fluxes in 10 dimensions. Note that we still impose the same
section condition, ∂˜i = 0 (one could also consider the entirely dual section ∂i = 0, in which case
for this bivector parametrisation the current components would take the same form as (4.7) and
(4.8) but with all index positions reversed, i.e. Bij → βij , J i → Ji, Ji → J i, etc.).
It is tedious but straightforward to evaluate the current in this parametrisation. We find
Jije
2d = 2∇[iξ˜j] − 2∇kλ[iβj]k − λk∇kβij − ξ˜kRijk , (4.10)
Ji
je2d = ∇jλi +∇iλj + βik∇k ξ˜j + βjk∇k ξ˜i + ξ˜k(∇iβjk +∇jβik)
+ βjlJile
2d ,
(4.11)
and
J ije2d = −2∇[iξj] − 2βkpβk[i∇pξj]
+ 3λk∇[iβjk] + λm
(
2βk
pβk[i∇pβj]m − βikβjl∇mβkl
)
+ ξ˜m
(
−2βl[i∇j]βlm + βlm∇lβij
)
− 3ξ˜mβikβj lβn[k∇nβlm] .
(4.12)
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Here we introduced the shorthand
ξ˜j ≡ ξj + λkβkj , (4.13)
and have freely raised and lowered using the spacetime metric gij .
Note that the projection identity (3.4) obeyed by JMN implies that
J ij = −(gikgjl + βikβjl)Jkl + βikJkj − βjkJki . (4.14)
One can then show that the current itself has components
J i = ∂jJ
ij , (4.15)
and
Ji = ∇j J˜ij + βjk∇jJik + 1
2
∇iβklJkl +∇jβjkJik
− 2
√
|g|e−2φ∇i
(
(∇k − 2∇kφ)
(
λk − ξ˜lβlk
))
.
(4.16)
Here, J˜i
j = Ji
j−βjkJik. There are some unexpected cancellations amongst the connection terms
in the above expressions, so that
βjk∇jJik + 1
2
∇iβklJkl +∇jβjkJik = βjk∂jJik + 1
2
∂iβ
klJkl + ∂jβ
jkJik , (4.17)
and
3βl[i∇lβjk] = 3βl[i∂lβjk] . (4.18)
(The latter is essentially (part of) the R-flux.)
On general grounds, we expect that the current here gives an electric charge associated to the
bivector field. The precise identification of this charge is perhaps not obvious as the form of the
current is quite complicated. Note that the parametrisation of the generalised metric (4.9) implies
unusual and non-linear transformations of the spacetime fields under gauge transformations (of
the now defunct B-field):
δλgij = (∂iλk − ∂kλi)βklglj + (∂jλk − ∂kλj)βklgli ,
δλβ
ij = (gikgjl − βikβjl)(∂kλl − ∂kλl) .
(4.19)
Thus, the metric itself in this parametrisation transforms under these transformation.
In practice, the only configurations involving a bivector that we will consider will be obtained
by acting with T-duality on solutions with a B-field. In such cases it will always be possible
to calculate the current in whichever parametrisation is easiest. However, we will keep in mind
the general idea that there may exist non-geometric configurations defined solely in terms of a
bivector, in which case one would have to deal directly with the above expressions (or at least
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the expression for the current in terms of the components of the generalised metric, which may
be simpler. In general, one only needs to consider expressions in terms of spacetime fields when
one is interested in understanding the interpretation in spacetime itself). For now, we leave an
understanding of the physical nature of the above current to further study.
4.3 Defining the charge
The current we have found obeys a conservation equation
∂MJ
M = 0 . (4.20)
If we impose the section condition ∂˜i = 0 then this reduces to
∂iJ
i = 0 . (4.21)
From the point of view of a spacetime reduction, it seems therefore that only the J i components
of the current are relevant, giving a physical conserved current. Conventionally, given such a
current one would define a conserved charge by integrating the time component over a spatial
hypersurface, that is (up to some normalisation)
Q =
∫
ΣD−1
J t . (4.22)
(One could also write this covariantly in terms of a normal vector to the hypersurface,
∫
ΣD−1
niJ
i.)
In practice, we will adopt this definition of the charge in spacetime. One could also consider
a more doubled version of the above, in which one would integrate also over an extra D − 1
dimensional hypersurface, which after solving the section condition, would lie solely in the dual
directions. This integration would give an extra volume factor, making a different normalisation
of the current necessary. In either case, we may think of the charge as defining a generalised
Komar integral.
4.4 Application to the fundamental string/pp-wave
The fundamental string (F1) solution is T-dual to a pp-wave. These solutions were analysed
in double field theory in the paper [43], and were shown to appear as a generalised pp-wave
in the doubled space. To describe this solution, we split the 2D doubled coordinates XM =
(t, z, yµ, t˜, z˜, y˜µ), with µ = 1, . . . , D − 2 (in practice one can just take D = 10 here, but we leave
it general). The generalised metric can be read off from the following generalised line element
ds2 = (H − 2)(dt2 − dz2) + 2(H − 1)(dtdz˜ + dt˜dz)
−H(dt˜ 2 − dz˜2) + δµνdyµdyν + δµνdy˜µdy˜ν ,
(4.23)
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where H is a harmonic function of the D− 2 coordinates yµ, H = 1+ hrD−4 with r =
√
δµνyµyν .
The generalised dilaton is constant. This solution has the form of a pp-wave travelling in the z˜
direction. We will demonstrate below by constructing the conserved current for this solution that
it indeed carries a conserved charge which can be interpreted as momentum in this direction, as
conjectured in [43].
By choosing the section such that (t, z, yµ) are the physical coordinates and decomposing
the generalised metric, one obtains the metric, B-field and dilaton of the fundamental string
solution:
ds2 = −H−1dt2 +H−1dz2 + δµνdyµdyν
B = (1−H−1)dt ∧ dz
e−2φ = H .
(4.24)
The string itself lies in the z direction. If one instead chooses the section condition such that
(t, z˜, yµ) are the physical coordinates, one obtains the pp-wave:
ds2 = −(2−H)dt2 + 2(H − 1)dtdz˜ +Hdz˜2 + δµνdyµdyν ,
B = 0 ,
e−2φ = 1 .
(4.25)
These two solutions are related by a Buscher T-duality acting to interchange the z and z˜ coor-
dinates.
One can now proceed to calculate the conserved current and charge. There are a number of
ways to do so. In order to have a check on our results, and to demonstrate a further subtlety
relating to the choice of section, we will proceed by calculating the J t component for both the
fundamental string and the pp-wave independently. As expected by T-duality, we will obtain
the same result in either case, but with a different interpretation.
4.4.1 Current from the F1 solution
For the fundamental string, the field strength of the B-field has non-vanishing componentsHµtz =
H−1∂µ logH . The only non-zero components of the Christoffel symbols are
Γtt
µ = −Γzzµ = −1
2
H−2∂µH , Γµz
z = Γµt
t = −1
2
H−1∂µH . (4.26)
The current is given by J i = ∂jJ
ij and the timelike components needed arise from
J tµ = ∂µξt +H∂tξ
µ − ∂µH(ξt + λz) , (4.27)
J tz = −H∂tξz −H∂zξt − λµ∂µH . (4.28)
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Hence,
J t = ∂µ
(
∂µξt +H∂tξ
µ − ∂µH(ξt + λz)
)
+ ∂z
(−H∂tξz −H∂zξt − λµ∂µH) . (4.29)
If we specialise to the case where the gauge parameters are constant then
J t = −(ξt + λz)∂µ∂µH . (4.30)
Importantly, if we integrate this over a spatial hypersurface to define a charge, we do not get
zero as the derivatives of the harmonic function give a delta function at r = 0. (We will carry
out this calculation more carefully below.) Thus we obtain charge associated to constant ξt -
Killing vector generating translations in the time direction - and constant λz. The former we
interpret as mass. The latter may be better interpreted in DFT. There λz generates translations
in the dual z˜ direction. This resulting charge is then just the momentum in this dual direction,
as expected. In this frame it should be thought of as a winding charge.
4.4.2 Current from the pp-wave
Suppose now that we directly calculate the current associated to the pp-wave. There is no
B-field, and the components of the Christoffel symbols are
Γtt
µ = Γz˜z˜
µ = Γtz˜
µ = −1
2
∂µH , (4.31)
Γz˜µ
z˜ = Γtµ
z˜ = −Γtµt = −Γz˜µt = 1
2
∂µH . (4.32)
One obtains
J t = ∂µ
(
H(∂t − ∂z˜)ξµ + ∂z˜ξµ + ∂µξt − ∂µH(ξt + ξz˜
)
+ ∂z˜
(
H∂tξ
z˜ + (1 −H)∂z˜ξz˜ + (H − 1)∂tξt + (2 −H)∂z˜ξt
)
.
(4.33)
At first glance, this does not appear to match the expression (4.29). This is because we have
implicitly and subtly used a different section condition choice. The derivatives with respect to
the coordinate z in the F1 solution would be derivatives with respect to a dual coordinate in the
pp-wave solution. However, here we have evaluated the current in the natural section choice for
the the pp-wave, in which we have allowed dependence on its physical coordinate z˜. In order to
directly compare the two versions of the current we could then either return to the original, T-
duality invariant expression and include dual derivatives. Alternatively, we can take the simpler
approach of imposing the isometry condition ∂z = 0 = ∂z˜ on our gauge parameters. Then, one
has
J tF1 = ∂µ
(
∂µξt +H∂tξ
µ − ∂µH(ξt + λz)
)
, (4.34)
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and
J tpp = ∂µ
(
∂µξt ++∂tξ
µ − ∂µH(ξt + ξz˜)) . (4.35)
These two expressions agree, as T-duality acting on the gauge parameter ξM gives ξz˜ = λz.
4.4.3 Explicit calculation of the charge
Let us now demonstrate in more detail that we do really get the expected charges. The mass of
the fundamental string wrapped in the z direction is expected to be MF1 =
Rz
l2s
(where ls =
√
α′
is the string lengthscale). The electric charge of the string is just its tension, qF1 =
1
2pil2s
. If we
wrap this on the z direction we pick up a factor of 2πRz, so that we have qF1 = MF1. This is
just the Bogomolny bound.
We now commit ourselves to D = 10 and define a properly normalised charge by
Q =
e2φ0
16πG
(10)
N
∫
Σ
J t , (4.36)
where the ten dimensional Newton’s constant is G
(10)
N = 8π
6l8se
2φ0 (we have followed closely the
conventions and definitions of the textbook [51]) and eφ0 is the asymptotically value of the string
coupling constant), which we will set to 1.3 We are integrating over some spatial hypersurface
Σ.
For the fundamental string, the z direction is assumed to be compact, and so we have
Q = − 2πRz
16πG
(10)
N
(ξt + λz)
∫
Σ8
∂µ∂
µH
= − Rz
8G
(10)
N
(ξt + λz)
∫
∂Σ8=S7∞
nµ∂
µH ,
(4.37)
using Stokes’ theorem. Now, ∂µH = −6hxµr−8, the normal is nµ = xµr−1 and as a result
the powers of r all cancel when we take into account the volume form for the integration.
We are left with a simple integration over the unit sphere, and after substituting in for G
(10)
N
and using the fact that the constant appearing in the harmonic function is determined to be
h = (2πls)
6/(6Vol(S7)) we obtain the beautifully simple result
Q = (ξt + λz)
Rz
l2s
, (4.38)
which gives us exactly the expected values (taking separately ξt = 1, λz = 1, corresponding to
the generalised Killing vectors ∂t and ∂˜
z). Hence with this normalisation, we obtain exactly the
3As we have passed already to a physical section, we have chosen to use the conventional notation. In double
field theory, we should instead write e2d0 , where d0 will be the asymptotic value of the generalised dilaton. For
spacetime metrics that are asymptotically flat, this will agree with φ0. We implicitly make this assumption in
defining our charges here. Properly speaking, we should be more careful about our assumptions regarding the
asymptotic behaviour of the generalised metric. It will be important to bear this in mind in future use and study
of the conserved current.
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expected mass and electric charge for the fundamental string solution. The latter is interpreted
in double field theory as momentum in the dual direction.
After T-duality to the pp-wave, we can use the familiar relation Rz˜ = l
2
s/Rz to see that we
obtain in its frame
Q = (ξt + ξz˜)
1
Rz˜
, (4.39)
giving the expected result for the mass and momentum of a Kaluza-Klein state.4
4.4.4 Timelike T-duality
There remains one additional isometry direction: t. In double field theory, making the naive
choice (t˜, z˜, yµ) of the section condition is perfectly valid, and should give a solution which is
timelike dual to the pp-wave and F1.
Such a solution offers interesting connection with “exotic branes”. While the fundamental
string couples electrically to the B-field, the NS5 brane couples magnetically. T-duality maps
the F1 to the pp-wave, which is charged electrically under the Kaluza-Klein graviphoton, and
also maps the NS5 brane to the Kaluza-Klein monopole, which is coupled magnetically to the
graviphoton. A further T-duality takes us from the Kaluza-Klein monopole to an exotic brane
known as the 522 [57, 58]. This brane is non-geometric - the metric and B-field are only globally
defined up to a T-duality - but well-defined in double field theory. The solution can be more
naturally expressed in terms of the bivector βij , and one can think of the 522 as being magnetically
charged under this field (thinking of βij as a 0-form carrying two upper indices corresponding to
special isometry directions, similar to the one-form Kaluza-Klein vector which carries an upper
index corresponding to the special Kaluza-Klein direction).
One is therefore led to wonder about whether there is an electric counterpart to the 522, which
inevitably would be generated by timelike duality [59]. Indeed, such a solution has recently been
written down in [60], in the context of β-supergravity. It is also interesting to note that in [61] it
is argued that the duality frame with coordinates (t˜, z˜, yµ) is naturally selected as the appropriate
description of the double field theory F1/pp-wave solution near the singularity at r = 0.
Picking this duality frame, or carrying out the T-duality on the pp-wave, one obtains the
configuration
ds2 = − 1
2−Hdt˜
2 +
1
2−H dz˜
2 + δµνdy
µdyν ,
B =
H − 1
2−H dt˜ ∧ dz˜ ,
e−2φ = |2−H | .
(4.40)
4One might worry that the result of carrying out the integration directly in the case of the pp-wave should
give Rz˜/l
2
s rather than the above. However, if one treats carefully the duality keeping explicit track of the factors
of the radius, one discovers that the dilaton picks up a constant shift eφ0 → eφ0 ls/Rz . This modifies G
(10)
N
for
the pp-wave solution in exactly the right way so that one obtains the expected charge (4.39).
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The metric, B-field and its field strength are now singular at r = h1/(D−4). The generalised
metric is not singular here, though. We can alternatively express the solution using the bivector
parametrisation (as is in fact sometimes necessary when considering timelike dualities [62]),
obtaining the configuration
ds2 = −Hdt˜ 2 +Hdz˜2 + δµνdyµdyν ,
β = (1−H−1)∂t˜ ∧ ∂z˜ ,
e−2φ = H−1 .
(4.41)
The form of the bivector is essentially identical to that of the B-field of the fundamental string
solution. Thus one would like to think of it as an object which is electrically coupled to β. We
shall refer to it as F˜1.
Let us now think about the conserved charges associated to this solution. As this background
is obtained by a T-duality interchanging t and t˜, the timelike component that is relevant for the
charge is in fact J t˜
F˜1
= JtF1. One can calculate this component starting with the form of the
solution above - it does not matter whether one uses the singular configuration in terms of the B-
field or the more natural description using the bivector, although the former is actually simpler
given the form of the current written in terms of these variables. The result (dropping both
derivatives with respect to t˜ in addition to z˜, for the reasons explained above) is
J t˜
F˜1
= ∂µ
(
∂µξt˜ + ∂µH(−λz˜ + ξt˜)
)
. (4.42)
One can check that this agrees with Jt component of the current evaluated on the fundamental
string by explicit calculation, setting λz˜ = ξ
z and ξt˜ = λt, as expected from the T-duality.
In the duality frame of the F˜1 it seems that we then have (up to our normalisation)
Q =
∫
∂µ∂
µH(−λz˜ + ξt˜) . (4.43)
These charges correspond to momentum in the dual direction, and the mass of this solution.
Interestingly, we have that ξt˜ appears with the opposite sign to ξt in the original J tF1. This
suggests that, having fixed our normalisation such that the F1 has positive mass, this timelike
T-dual solution would appear to have negative mass if measured using this charge.
4.5 Some remarks on magnetic charge
In this subsection, we will make a few simple remarks about magnetic charges. These remarks will
not be especially novel, as they merely build on previous observations regarding the appearance
of fluxes in generalised geometry [63, 64] which have an obvious generalisation in the frame
or dynamical flux formulation of double field theory [8, 14, 34, 35], but serve to highlight the
differences in defining such charges in double field theory compared to the electric-type charges
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we have just been dealing with.
One of our motivations in considering the unfamiliar F˜1 apparently generated by timelike
T-duality was provided by our interest in the duality chain NS5-KKM-522. As we discussed,
the NS5 brane is magnetically charged under B2, with the KKM magnetically charged under
the Kaluza-Klein vector, and then the 522 may be thought of as magnetically charged under the
bivector (as such it couples electrically to a mixed symmetry potential [59, 65–68]).
As magnetic solutions, we would not expect to measure these using the charge we have found
above. Indeed, if one writes down for instance the explicit form of the NS5 solution
ds2 = −dt2 + d~y52 + fd ~X42 ,
B6 = (1 − f−1)dt ∧ dy1 ∧ · · · ∧ dy5 ,
e−2φ = f−1 ,
(4.44)
where f(| ~X4|) is a harmonic function of the transverse coordinates ~X4, then it is straightforward
to calculate that although the current J i has non-zero components, the J t component is zero for
constant ξM . Hence we cannot measure any (electric) charge using this current (though one can
obtain the mass with appropriate treatment of boundary terms [50, 53]). However, the NS5 has
a magnetic charge under the B-field, Qm =
∫
H3.
Thus, to measure this in a T-duality covariant manner in double field theory, one needs a
generalised analogue of the field strength of B2. This is provided by a “generalised flux” [35,63].
We may think of this as simply the generalised torsion of the Weitzenbo¨ck connection:
τMNP = 3Ω[MNP ] , (4.45)
where we have lowered all indices using ηMN . When evaluated in terms of spacetime fields, this
contains the flux of the two-form gauge field, so-called geometric flux and two non-geometric
fluxes, Q- and R-flux [35] (see appendix A.2.4). Thus, one can see that in double field theory we
measure magnetic fluxes via the integral∫
Σ3
τMNP dX
M ∧ dXN ∧ dXP . (4.46)
This integral is over some three-cycle in the doubled space: the choice of this three-cycle deter-
mines which particular type of flux one measures. Under T-duality, although the integrand is
invariant, the three-cycle itself transforms. This can then be interpreted as the transformation
of flux of one type to another under T-duality. From the doubled space point of view, there is
no essential difference between the fluxes, it is only when we choose a physical section that we
can label them as geometric or non-geometric, for instance.
Thus, by going to different T-duality frames (related by Buscher transformations, say), we
obtain all the usual expressions for flux integrals (after integrating over the dual directions).
Alternatively, by considering different choices of 3-cycles involving different numbers of dual
directions we can in effect “measure” the presence of fluxes of different type. This is just to say
that we can successively obtain expressions of the form∫
HijkdX
idXjdXk →
∫
Tij
kdX idXjdX˜k →
∫
Qi
jkdX idX˜jdX˜k →
∫
RijkdX˜idX˜jdX˜k .
(4.47)
There are certain subtleties with the use of the generalised torsion in this way. In particular,
the use of the vielbein means that one should be careful about the effect of local generalised
Lorentz O(D) × O(D) transformations, under which this generalised torsion is not invariant.
Such transformations are relevant in non-geometric backgrounds, as they allow one to switch
between the description in terms of a B-field and that in terms of the bivector. To have a well-
defined torsion integral, one should choose a vielbein which is globally defined only up to global
O(D,D) and (at most) constant O(D)×O(D) transformations.
For instance, consider the NS5 solution smeared in two transverse directions X and Y . Going
to polar coordinates (R,Z) in the other two transverse directions the harmonic function becomes
a logarithm in R (divergent at some cut off Rc), and then (omitting the worldvolume directions
which play no role in this analysis) the solution can be written as
ds2 = f(R)
(
dR2 + dX2 + dY 2 +R2dZ2
)
,
BXY = HZ ,
e−2φ = f−1 .
(4.48)
where X , Y are the compactified directions and R,Z are cylindrical coordinates in the remaining
transverse directions. Restricting our three-cycle Σ3 to lie in the doubled space (X,Y, Z, X˜, Y˜ , Z˜),
the only non-zero component of the generalised torsion is τXY Z = H . Hence the charge integral
tells us that the solution carries generalised flux, but only when we integrate over the X,Y, Z
directions - as our physical section is (X,Y, Z) we interpret this as B-field flux.
Now consider performing Buscher duality on the X , Y directions. We obtain the non-
geometric 522 background [58] with
ds2 = fK−1
(
dX˜2 + dY˜ 2
)
+ f(dR2 +R2dZ2) ,
B = −HZK−1dX˜ ∧ dY˜ ,
e−2φ = f−1K .
(4.49)
where K = f2 + H2Z2. This is defined only up to a global non-geometric T-duality for Z →
Z + 2π. The components of the generalised torsion are now τZX˜Y˜ = −HK−1 and τZX˜ X˜ =
τZY˜
Y˜ = −H2ZK−1. This, though, is not well-behaved globally.
To see why, note that the conventional choice of generalised vielbein in terms of the metric
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and B-field is not well-defined for the 522 brane:
E52
2
α
M =
(
f1/2K−1/2I 0
HZK−1/2f−1/2ǫ f−1/2K1/2I
)
. (4.50)
One should instead use the dual frame, in which
ds2 = f−1
(
dX˜2 + dY˜ 2
)
+ f(dR2 +R2dZ2) ,
βX˜Y˜ = HZ ,
e−2φ = f .
(4.51)
In this frame, the generalised vielbein is
E˜52
2
α
M =
(
f−1/2I −f−1/2HZǫ
0 f1/2I
)
. (4.52)
Whereas we have E52
2
α
M (Z + 2π) = PM
NE52
2
β
N (Z)Λβ
α(Z) for PM
N ∈ O(D,D) a particular
monodromy associated to the background, and Λβ
α(Z) ∈ O(D)×O(D), in the bivector frame we
have E˜52
2
α
M (Z + 2π) = PM
N E˜52
2
α
N (Z). Hence for τ(Z) ≡ τZMNdXM ∧ dXN if we attempted
to use the frame with the metric and B-field we would have (as the coordinates themselves must
be identified up to the global T-duality PM
N )
τ(Z + 2π) = τ(Z) + ∂ZΛβ
αEαNE
β
MdX
M ∧ dXN , (4.53)
while in the non-geometric frame we have τ˜(Z + 2π) = τ˜(Z). So the generalised torsion is only
well-defined globally in this case, with the only relevant non-zero component being
τ˜Z
X˜Y˜ = H . (4.54)
Thus we only obtain a non-zero charge when integrating over a single physical direction Z and
over two dual directions (X and Y ) - this is interpreted as non-geometric Q-flux.
5 Additional terms in the action
In this final section, we will consider the effects of adding additional terms to the action of double
field theory.
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5.1 Total derivatives
The simplest possibility is to consider adding a total derivative to the action
S∆ =
∫
∂M
(
e−2dKM
)
, (5.1)
where KM is assumed to be a vector under generalised diffeomorphisms. It is straightforward to
show that this leads to an additional contribution to the current
JM∆ = ∇N
(
2e−2dK [MξN ]
)
+ ηMNηPQK
Q∇NξP
= ∂N
(
2e−2dK [MξN ]
)
+ ηMNηPQK
Q∂N ξ
P .
(5.2)
5.2 Scherk-Schwarz term
An alternative to the explicit solution ∂˜i = 0 of the section condition is to use a Scherk-Schwarz
reduction [30, 31, 34]. The coordinates are split into doubled “internal” and doubled “external”
sets, denoted now X and Y, and the generalised vielbein and dilaton are decomposed via the
reduction ansatz EαM (X,Y) = UM
A(Y)EˆαA(X) and d(X,Y) = dˆ(X) + λ(Y). The physical fields
and gauge parameters of the reduced theory - which is termed a gauged double field theory - will
depend only on X (and are denoted with hats). All dependence on the internal coordinates Y
through the twist matrices UM
A and dilaton twist λ is absorbed into generalised fluxes (providing
the gaugings of the theory), which are taken to be constant. If we make use of the Weitzenbo¨ck
connection, these fluxes emerge naturally from the torsion and the covariant derivative of the
generalised dilaton: [29]
τMNP (X,Y) = UM
AUN
BUN
C (τˆABC(X) + fABC) , DMd = UM
A
(
DˆAdˆ(X) + fA
)
, (5.3)
where
fABC = 3U
M
[AU
N
B∂|MUN |C] , fA = ∂MU
M
A − 2UMA∂Mλ . (5.4)
After imposing this ansatz - plus some other consistency conditions [30] - one finds that the
section condition on the full (X,Y) space can be replaced by the section condition for the external
coordinates and set of Jacobi identity-like constraints involving the fluxes, which can be shown
to be less restrictive than the original section condition.
Given our conserved current JM - which is a generalised vector of weight one - it is straight-
forward to check that the conservation law ∂MJ
M = 0 gives
∂MJ
M = e−2λ
(
∂AJˆ
A + fAJˆ
A
)
= 0 . (5.5)
It turns out [30] that fA must be taken to vanish for consistency of the Scherk-Schwarz (although
this can be relaxed in more complicated versions of the reduction ansatz [34]). Hence given any
conserved current JM we will obtain also a conserved current JˆA in the resulting gauged double
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field theory. If the current can be written entirely in terms of the Weitzenbo¨ck connection and
its torsion (as in (3.12)), then it will take essentially the same form in the gauged double field
theory, with all indices M,N, . . . replaced by indices in the gauged double field theory, A,B, . . .
and all tensors appearing as hatted quantities, and the fluxes appearing through the replacement
τMNP → τˆABC + fABC .
In order to derive the full gauged double field theory via a reduction of this type, however,
one needs to make a small modification to the original double field theory action [30]. One adds
to the action a term
Sη ≡ 1
2
∫
e−2dηMN∂ME
α
P ∂NEαQη
PQ . (5.6)
We call this the Scherk-Schwarz term. In the ordinary formulation of double field theory, it
vanishes identically by the section condition. However, it makes necessary contributions to the
reduced action when one imposes instead the Scherk-Schwarz ansatz. Therefore, to consider the
true conserved current in a Scherk-Schwarz setting we must include this term.
If we proceed to vary this directly, we obtain
δSη = −
∫
e−2dηMNηPQ(∂M − 2∂Md)∂NEαQδEαP
+
∫
∂M
(
e−2dηMNηPQδEαP ∂NEαQ
)
.
(5.7)
(The only effect of the variation of the generalised dilaton simply shifts the Lagrangian appearing
in the Bianchi identity.) From this, the current picks up a contribution
e−2dηMNΩNKL
(
DP ξ
KHLP + ηPKSLQDP ξQ − ξSτSPKHLQ
)
+2e−2dηM [N ξP ]ηKLEαN (∂K − 2∂Kd)∂LEαP .
(5.8)
This is not especially pleasant and does not give a covariant modification of the current.
It is more natural to study the Scherk-Schwarz term using the flux or Weitzenbo¨ck formulation
[29, 34]. Otherwise, one has to view it as being added to the original DFT action by hand, as
originally done in [30] in order to obtain consistent Scherk-Schwarz compactifications.
In this approach, the DFT action including the Scherk-Schwarz term can be written as S =∫
dxdx˜e−2dL with
L = − 1
12
HMQHNRHPSτNPMτRSQ − 1
4
HNQτNPMτQMP
− 4HMNDMdDNd+ 4HMNDMDNd .
(5.9)
This is the sole combination quadratic in the generalised torsion and covariant derivative of the
generalised dilaton which is invariant under the local O(D) × O(D) symmetry, up to section
condition. If one varies this form of the action under generalised diffeomorphisms as before one
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finds at the end of the calculation the identity
0 =
∫
dxdx˜e−2dξM
(
ZMNP
Q
(
1
6
HQSHKNHLP τKLS + 1
2
HSNτSQP
)
+
∫
dxdx˜∂MJ
M .
(5.10)
where
ZMNP
Q ≡ 3D[MτNP ]Q − ηMT ηQRDRτNPT − 3τ[MNRτP ]RQ = 0 (5.11)
is the Bianchi identity for the generalised torsion of the Weitzenbo¨ck connection [29], and the
current that one obtains can be written
JM = DNJ
MN +
1
2
τKL
MJKL , (5.12)
with
JMN = e−2dξP
((
ηMQηNR −HMQHNR)HPSτQRS +HMSτPSN −HNSτPSM) . (5.13)
This current differs somewhat from that obtained from the original DFT action. One of the main
differences is that there are no derivatives of ξP in JMN .
In the original formalism, working through the variation one encounters terms of the schematic
form ∂δξH and ∂δξd appearing in JM (see equation (2.14)). As generalised diffeomorphisms
involve derivatives of ξP , one therefore finds terms in JM involving two derivatives of ξP .
In the formalism we are considering in this subsection, one finds instead after integration
by parts that the relevant term apparently containing the most derivatives is δξDPd. However,
DPd is tensorial. Hence we only obtain single derivatives of ξ
P in JM when we substitute in the
expressions for generalised diffeomorphisms.
Ultimately, this discrepancy is a result of a subtlety involving two derivative terms in the
action. In the formulation using solely the generalised metric, we have a term ∂M∂NHMN . In
terms of the vielbein though, this gives rise to the following possibilities∫
e−2dEα
M∂M∂NδE
αN =
∫
∂M
(
e−2dEα
M∂NδE
αN
)− ∫ ∂M (e−2dEαM) ∂NδEαN
=
∫
∂M
(
e−2dEα
N∂NδE
αM
)− ∫ ∂M (e−2dEαN) ∂NδEαM . (5.14)
Here we have a choice of which partial derivative in the following two-derivative term we use to
partially integrate. By picking one or the other, although the total variation is the same, one
alters which terms appear in the total derivative and which do not. Effectively, when working
with the Lagrangian (5.9) one ends up being forced into making a particular choice of derivative.
A consequence of this is to ensure that all parts of the variation are written in terms of the
covariant quantities DMd and τMN
P and hence that the Bianchi identities involve these.
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In fact this same subtlety arises in general relativity, when comparing the current obtained
from the usual formulation with that obtained by varying the teleparallel action which uses the
torsion of the spacetime Weitzenbo¨ck connection.
Note also that in the Bianchi identities, one has appearing first order derivatives of geometric
quantities which are themselves first order in derivatives. In the original Bianchi identities
involving the generalised torsion-free connection, one has appearing first order derivatives of
geometric quantities which are second order in derivatives. Thus, it may make sense from this
point of view for there to have occurred some rearrangement of the placement of the terms which
are (overall) third-order in derivatives in our variation.
5.3 Coupling to RR fields
5.3.1 The RR action
The incorporation of RR fields into double field theory was originally achieved in the papers
[15, 16], and adapted to the flux formulation in [34] (and see also [23]). Here, we will follow
the presentation of [34, 35] (and refer the reader to [16] for more general facts about O(D,D)
spinors).
We introduce O(D,D) Gamma matrices carrying flat indices
{Γα,Γβ} = 2ηαβ . (5.15)
One can use the generalised vielbein to obtain curved gamma matrices, ΓM ≡ EαMΓα. As we
require Eα
MEβ
Nηαβ = ηMN , these also obey the above defining relation, but for curved indices.
A practical realisation of these gamma matrices is to introduce D pairs of fermionic creation
and annihilation operators ψµ, ψ
ν such that (ψµ)† = ψµ and
{ψµ, ψν} = {ψµ, ψν} = 0 {ψµ, ψν} = δµν . (5.16)
Then we have Γα = (
√
2ψµ,
√
2ψµ). We can construct a general spinor by introducing a vacuum
state |0〉 annihilated by the ψµ and defining
λ =
D∑
p=0
1
p!
λµ1...µpψ
µ1 . . . ψµp |0〉 . (5.17)
One can immediately see then that an O(D,D) spinor should correspond to a set of p-forms in
spacetime.
The charge conjugation matrix is
C = (Γ0 ± Γ0) . . . (ΓD−1 ± ΓD−1) , (5.18)
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where we use plus signs for D odd and the minus signs for D even. Letting
Γα1...αn = Γ[α1 . . .Γαn] , (5.19)
we have
CT = (−1)D(D−1)/2C (CΓα1...αn)T = (−1)(D−n)(D−n+1)/2CΓα1...αn . (5.20)
We can now turn to the inclusion of the RR fields of supergravity. We encode these in the spinor
C =
D∑
p=0
eφCi1...ipe
i1
µ1 . . . e
ip
µpψ
µ1 . . . ψµp |0〉 , (5.21)
where i is a curved spacetime index and φ is the usual dilaton. Next, define a Dirac operator
/D = 1√
2
ΓM∂M − 1√
2
ΓMDMd+
1
12
√
2
ΓMNP τMNP , (5.22)
using the Weitzenbo¨ck connection ΩMN
P and its torsion. Note we lower the index on the torsion
using η. This operator obeys
/D/D = 0 , (5.23)
by the section condition.
The field strengths are then encoded by
G = /DC . (5.24)
By reducing to components one can check that if C represents the polyform eφ
∑
C(p) then with
these definitions G gives the polyform eφ(d+H3∧)
∑
C(p).
The (pseudo)-action is then [34]
SRR = −1
4
∫
dxdx˜e−2dG¯Ψ+G . (5.25)
Here
Ψ+ = (Γ
0 − Γ0)(Γ1 + Γ1) . . . (ΓD−1 + ΓD−1) , (5.26)
is the spin representative of the flat generalised metric, and obeys
Ψ−1+ = Ψ
T
+ = (−1)(−1)D(D−1)/2Ψ+ , (5.27)
and
Ψ+C = −CΨ+ . (5.28)
Finally, the action must be supplemented with a self-duality condition which is to be imposed
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after varying. This condition is just
G = Ψ+G . (5.29)
In order to derive the contribution of the coupling to the RR fields to the current associated to
generalised diffeomorphisms, we now proceed as before by varying the action. We have
δSRR =
1
2
√
2
∫
dxdx˜∂M
(
e−2dδdC¯ΓMΨ+G− e−2dδC¯ΓMΨ+G
+ e−2dEα
P δEαN
(
1
2
δMP C¯Γ
NΨ+G+
1
4
C¯ΓMNPΨ+G
))
− 1
2
∫
dxdx˜e−2d
(
δdC¯/DΨ+G− δC¯/DΨ+G
− δEαP ηαβEβN
(
1
4
ηQNηPRC¯Γ
QR/DΨ+G+ 1
4
ηQNηPRG¯Γ
QRΨ+G
))
.
(5.30)
Using the self-duality relation we see that there is no contribution to the generalised dilaton
equation of motion, while the vielbein equation of motion picks up an additional term (note that
δEα
P ηαβEβ
N must be antisymmetric in PN so that the coset condition is preserved).
5.3.2 Variation under generalised diffeomorphisms
We have
δξd = ξ
M∂Md− 1
2
∂Mξ
M , (5.31)
δξEα
P = ξM∂MEα
P − EαM∂MξP + ηPMηQR∂MξQEαR , (5.32)
while in this formulaton the RR spinor is a scalar under generalised diffeomorphisms [34, 35]
δξC = ξ
M∂MC . (5.33)
Then starting with the above variations and dropping the terms involving /DΨ+G (which vanish
on applying the self-duality condition) we find
δξSRR = −1
4
∫
∂M
(
ξMe−2dG¯Ψ+G
)
=
1
2
√
2
∫
∂M
(
ξMδξdC¯Γ
MΨ+G− δξC¯ΓMΨ+G
+Eα
P δξE
α
M
(
1
2
δMP C¯Γ
NΨ+G+
1
4
C¯ΓMNPΨ+G
))
+
1
4
∫
∂M
(
e−2dξNηQN G¯Γ
QMΨ+G
)
+
∫
dxdx˜e−2dξN
√
2
(
−1
4
G¯ΓQ/DΨ+GηQN + 1
4
¯/DGΓQΨ+GηQN
)
(5.34)
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The last line vanishes by the Bianchi identity /DG = 0 (and again on using the self-duality
condition). From the rest we obtain the conserved current to be
JMRR =
1
2
√
2
e−2dξN (∇N C¯ −∇NdC¯)ΓMΨ+G− 1
4
√
2
∇N ξN C¯ΓMΨ+G
+
1
8
√
2
(
ηPQ∇NξP − ηPN∇QξP + τPNQξP
)
C¯ΓNΓQΓMΨ+G
+
1
4
ξM G¯Ψ+G+
1
4
ξNηQN G¯Γ
QMΨ+G
(5.35)
A certain amount of manipulation (including using the self-duality relation and the Bianchi
identity to drop certain terms) leads us to the more compact expression
JMRR = DNJ
MN
RR +
1
2
τKL
MJKLRR + ϕ
M
= ∂NJ
MN
RR +
1
2
ηMP ηLQΩPK
QJKLRR + ϕ
M ,
(5.36)
with
JMNRR =
1
4
√
2
e−2dξP ηPQC¯Γ
QMNΨ+G+
1
2
√
2
e−2dξ[M C¯ΓN ]Ψ+G , (5.37)
and the terms which vanish by the section condition in ∂MJ
M
RR are
ϕM =
1
2
√
2
e−2dηMNηPQξ
P C¯ΓQ∂NΨ+G− 1
4
√
2
ηMNe−2dηPQ∂M
(
ξP C¯ΓQΨ+G
)
. (5.38)
5.3.3 Variation under C-field gauge transformations
We may also derive here the current that is associated to the gauge transformations of the RR
sector. These are written in spinor language as
δC = /Dλ , (5.39)
and the field strenth G = /DC is then invariant as /D/D = 0 by section condition. Under these
transformations, we have
δλSRR = − 1
2
√
2
∫
∂M
(
e−2d/DλΓMΨ+G
)
+
1
2
∫
dxdx˜e−2d/Dλ /DΨ+G
=
1
2
√
2
∫
dxdx˜∂M
(
e−2dλΓM/DΨ+G− e−2d/DλΓMΨ+G
)
− 1
2
√
2
∫
dxdx˜e−2dλ /D/DΨ+G .
(5.40)
We thus see that invariance under C-field gauge transformations implies the identity /D/D = 0,
which is a generalised version of the usual exterior derivative identity d2 = 0. We can also then
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simplify the conserved current, which takes a by-now familiar form:
JMλ = DNJ
MN
λ +
1
2
τKL
MJMNλ
− ηMN 1
2
√
2
e−2d∂NλΨ+G+ η
MN 1
2
√
2
e−2dλ∂NΨ+G ,
(5.41)
with
JMNλ =
1
2
√
2
e−2dλΓMNΨ+G . (5.42)
6 Conclusions
In this work, our main focus was to calculate the conserved currents associated to generalised
diffeomorphisms in the NSNS sector of double field theory. We obtained the off-shell conserved
current, from which one can define conserved charges unifying Komar-type charges with the
electric charges associated to the B-field gauge invariance in a T-duality covariant manner. This
allowed us to formalise the double field theory interpretation of the fundamental string solution
as carrying momentum in a dual direction [43]. We also extended our results to the case where
the action was supplemented with the Scherk-Schwarz term, and to the inclusion of the RR
sector.
A very natural next step is then to continue calculating this current for the other extensions
of double field theory, such as the heterotic double field theory [17] and the supersymmetric
extensions, in which the full type II supergravities are unified [24]. There it would be interesting
to consider the algebra of charges and supercharges. In addition, one could look at the recent
formulation of double field on group manifolds [45, 46].
The other obvious - and perhaps more interesting - extension is the usual generalisation from
T- to U-duality. It should not be difficult to calculate the current associated to the generalised
diffeomorphisms which appear in an exceptional extended geometry [44,69–75]. One reason this
is interesting is that one will have duality transformations which map electric and magnetic
solutions into each other (for instance, the M2 and M5). Indeed, it has been shown that for the
E7 all the familiar half-BPS solutions appear as a single self-dual solution of exceptional field
theory [61]. This is unlike the case in T-duality, where we have argued that one needed different
definitions of charge for electrical solutions like the F1 and magnetic solutions like the NS5. It
is possible already to study the generalised fluxes of some of these exceptional field theories [75],
and so it would be interesting to see what is contained additionally in the electrical current.
We should also return to the conserved currents of the RR sector in more detail. We presented
only their derivation in section 5. In particular, one would expect after reducing to spacetime
that the combination of the NSNS and RR sector charges will reproduce more complex definitions
of electric charges relevant to situations with multiple sources. The relationship of this to Page
charge [76, 77], should be investigated, as this is the charge relevant when considering realistic
examples of exotic brane configurations and their monodromies [58, 78, 79]. Double field theory
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should provide a natural setting in which to study such non-geometric branes, in which case our
expressions for the charge should come into play in an interesting way.
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A The O(D,D) geometry of double field theory
In this appendix, we collect useful results on specific connections in double field theory, many
of which are needed in deriving the forms of the conserved currents given in the paper. We will
freely raise and lower using η, except where noted.
A.1 The semi-determined/semi-covariant connection
A.1.1 The connection and its properties
The connection which most closely resembles the Levi-Civita connection is that explored by
[25–27]. We will more closely follow the notation of the paper [27]. Firstly, we define the
projectors
PNM =
1
2
(δ − S)NM , P¯NM =
1
2
(δ + S)NM , (A.1)
and note that we may occasionally use the notation
AM ≡ PNMAN , AM ≡ P¯NMAN . (A.2)
The connection by definition annihilates the generalised metric, the O(D,D) structure and the
generalised dilaton. The latter two conditions imply
ΓMNP = −ΓMNP (A.3)
and
ΓNM
N = −2∂Md . (A.4)
The connection is also free of generalised torsion, which implies
ΓMNP + ΓNPM + ΓPMN = 0 . (A.5)
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The combination of the latter two constraints gives
ηMNΓMNP = 2∂Pd (A.6)
The explicit connection constructed has the form
ΓMNK = −2PQ[N |∂MPQ|K] − 2P¯P[N P¯QK]∂PPQM + 2PP[NPQK]∂PPQM
+
4
D − 1
(
PM [NP
Q
K] + P¯M [N P¯
Q
K]
)(
∂Qd+ P
L
[P∂
PP|L|Q]
)
+ Γ˜MNK .
(A.7)
The undetermined components at the end vanish when projected by both P and P¯ . One may
also write
ΓMNK =
1
2
HKQ∂MSQN +
1
2
(
δP[NS
Q
K] + S
P
[Nδ
Q
K]
)
∂PHQM
+
2
D − 1
(
ηM [N δ
Q
K] +HM [NSQK]
)(
∂Qd+
1
4
HPM∂MHPQ
)
+ Γ˜MNK .
(A.8)
It is straightforward to check the following contractions:
ηMNΓMNP = 2∂Pd , HMNΓMNP = 2SQP ∂Qd− ∂QSQP , (A.9)
PMNΓMNP = 2P
Q
P ∂Qd− ∂QPQP , P¯MNΓMNP = 2P¯QP ∂Qd− ∂QP¯QP , (A.10)
ΓMNPP
N
R P¯
P
S = −P¯QR ∂MPQS , (A.11)
PMR P¯
N
S ΓMNP = −PQR PPN∂QP¯NS + P¯QP P¯SM∂QPMR − P¯QS P¯PM∂QPMR , (A.12)
P¯MR P
N
S ΓMNP = −P¯QR P¯PN∂QPNS + PQP PSM∂QP¯MR − PQS PPM∂QP¯MR . (A.13)
A.1.2 Generalised Riemann tensor and Ricci identity
Now, define the conventional Riemann tensor
RMNK
L = ∂MΓNK
L − ∂NΓMKL + ΓMQLΓNKQ − ΓNQLΓMKQ , (A.14)
such that
[∇M ,∇N ]AP = RMNLPAL − τMNL∇LAP + ηLRηNSΓRMS∇LAP , (A.15)
where τMN
L is the generalised torsion. The generalised Riemann tensor is then
RMNKL = RMNKL + ηLP ηNQRKPMQ + ηQRηNPΓQMPΓRKL . (A.16)
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One has the following useful identities (assuming the annihilation of the O(D,D) structure and
generalised metric):
RMNKL = −RNMKL = −RMNLK , (A.17)
RMNKL = 0 , (A.18)
RMNKL = RKLMN , (A.19)
RMNKL = −RNMKL = −RMNLK , (A.20)
RMNKL = 0 , RMNKL = 0 . (A.21)
One also has a Bianchi identity assuming the generalised torsion vanishes:
R[MNK]L = 0 . (A.22)
To obtain a Ricci-like identity for a generalised torsion free connection, we can rewrite
[∇M ,∇N ]AP = RMNLPAL − ηPKηNQRLKMQAL + ηLRηNSΓRMS∂LAP
= RMNLPAL − ηPKRLKMNQAL + ηLRΓRMN∂LAP
(A.23)
and project
PM
K P¯N
L[∇K ,∇L]AP = RMNLPAL − ηPKRLKMNAL + ηLRΓRMN∂LAP
= RMNLPAL ,
(A.24)
using the identity RLKMN = 0 and the fact that
ηLRΓRMN∂LA
P = −ηLRP¯QM∂RPQN∂LAP , (A.25)
which vanishes by the section condition.
A.1.3 Generalised Ricci tensor
The generalised Ricci tensor is defined as
RMN =
(
PKM P¯
L
N + P
K
N P¯
L
M
)
PQP RQKLP =
(
PKM P¯
L
N + P
K
N P¯
L
M
)
P¯QP RQKLP (A.26)
One then has a contracted Ricci identity
(
PKM P¯
L
N + P¯
K
MP
L
N
)
[∇K ,∇L]AN = −RMNAN . (A.27)
The generalised Ricci tensor obeys the following Bianchi identities:
∇PR− 4∇MRPM = 0 , ∇PR+ 4∇MRMP = 0 . (A.28)
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The scalar curvature - which is the Lagrangian of double field theory - is given by R =
PMPPNQRMNPQ.
A.1.4 Generalised diffeomorphisms and Killing vectors
As the connection is generalised torsion free, we can covariantise generalised diffeomorphisms
simply by replacing partial derivatives with covariant ones. Thus in particular
δξHMN = −4HP (Q∇P ξR)
(
PMR P¯
N
Q + P¯
M
R P
N
Q
)
, (A.29)
δξd = −1
2
∇MξM . (A.30)
Thus a generalised Killing vector obeys
∇MξM = 0 , HP (Q∇P ξR)
(
PMR P¯
N
Q + P¯
M
R P
N
Q
)
= 0 . (A.31)
A.2 The Weitzenbo¨ck connection
A.2.1 The connection
This connection is given simply in terms of the generalised vielbein as
ΩMN
P = Eα
P∂ME
α
N . (A.32)
A.2.2 Generalised Riemann tensor, torsion and Ricci identities
The Weitzenbo¨ck connection has vanishing generalised Riemann tensor (using section condition),
but non-vanishing generalised torsion. It obeys the following generalised Ricci identities: To
simplify this we can use the Ricci-type identities
(DM∇N −DN∇M )T = −τMNUDUT , (A.33)
where T is any generalised tensor, and
(DMDN −DNDM ) d = 1
2
(DP − 2DPd) τMNP . (A.34)
In the paper [35], this is actually viewed as a Bianchi identity.
A.2.3 Generalised diffeomorphisms and Killing vectors
As the connection has generalised torsion, one has
δξV
M = ξNDNV
M − V NDNξM + ηMNηPQDNξPV Q + τNPMV NξP , (A.35)
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so in particular
δξHMN = −2HP (MDP ξN) + 2ηP (MηQRHN)QDP ξR + 2HP (MτPQN)ξQ , (A.36)
and
δξd = ξ
MDMd− 1
2
DMξ
M . (A.37)
Hence a generalised Killing vector obeys
− 2HP (MDP ξN) + 2ηP (MηQRHN)QDP ξR + 2HP (MτPQN)ξQ = 0 , (A.38)
and
DMξ
M = 2ξMDMd . (A.39)
A.2.4 Flux content of the generalised torsion
Following [35], we can write down the most general vielbein EαM in components
Eµi = e
µ
i + e
µ
lβ
lmBmi , Eµi = Bileµ
l , Eµi = βileµl , Eµ
i = eµ
i . (A.40)
These are also the components of the inverse vielbein. We see that this involves both the B-field
and the bivector (eµ
i is the spacetime vielbein). Ordinarily, one will fix the local O(D) ×O(D)
by setting βij = 0. This defines a particular choice of the fields in the physical frame.
Using (A.40) one work out the torsion components
τijk = 3D[iBjk] + 3D[iβ
lmBj|l|Bk]m , (A.41)
τij
k = Tij
k + 2Bl[iDj]β
lk + D˜kBij +BilBjmD˜
kβlm , (A.42)
τi
jk = Diβ
jk + 2Γ˜[ki
j] + 2BilD˜
[jβk]l , (A.43)
τ ijk = 3D˜[iβjk] . (A.44)
Here tildes are used to denote the derivatives with respect to dual directions (at this point we
have not explicitly imposed the section condition). In spacetime we have ΓMi
j = ejµ∂Me
µ
i and D
denotes the covariant derivative with respect to this. We see that τijk contains the usual H-flux,
Hijk = 3∂[iBjk], τij
k the usual geometric flux, Tij
k, τi
jk the Q-flux Qi
jk = ∂iβ
jk and τ ijk the
R-flux, Rijk = 3∂˜[iβjk].
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